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ABSTRACT
For quantitative C-arm ﬂuoroscopy, we had earlier proposed a uniﬁed mathematical framework to tackle the
issues of pose estimation, correspondence and reconstruction, without the use of external trackers. The method
used randomly distributed unknown points in the imaging volume, either naturally present or induced by placing
beads on the patient. These points were then inputted to an algorithm that computed the 3D reconstruction. The
algorithm had an 8◦ region of convergence, which in general could be considered suﬃcient for most applications.
Here, we extend the earlier algorithm to make it more robust and clinically acceptable. We propose the use of
a circle/ellipse, naturally found in many images. We show that the projection of elliptic curves constrain 5 out
of the 6 degrees of freedom of the C-arm pose. To completely recover the true C-arm pose, we use constraints
in the form of point correspondences between the images. We provide an algorithm to easily obtain a virtual
correspondence across all the images and show that two correspondences can recover the true pose 95% of the
time when the seeds employed are separated by a distance of 40 mm. or greater. Phantom experiments across
three images indicate a pose estimation accuracy of 1.7◦ using an ellipse and two suﬃciently separated point
correspondences. Average execution time in this case is 130 seconds. The method appears to be suﬃciently
accurate for clinical applications and does not require any signiﬁcant modiﬁcation of clinical protocol.
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1. INTRODUCTION
With an approximate annual incidence of 220,000 new cases and 33,000 deaths prostate cancer continues to be
the most common cancer in men in the United States.1 For several decades, the deﬁnitive treatment for low risk
prostate cancer was radical prostatectomy or external beam radiation therapy,2 but low dose rate permanent
seed brachytherapy (shortly brachytherapy thereafter in this document) today can achieve virtually equivalent
outcomes.3, 4 The success of brachytherapy chieﬂy depends on our ability to tailor the therapeutic dose to the patients individual anatomy. In contemporary practice, however, implant planning is based on idealistic preplanned
seed patterns that, as 15 years of clinical practice has clearly demonstrated, are not achievable in the actual
human body. According to a comprehensive review by the American Brachytherapy Society,5 the preplanned
technique used for permanent prostate brachytherapy has limitations that may be overcome by intraoperative
planning. At the same time, continues the re-port, the major current limitation of intraoperative planning is
the inability to localize the seeds in relation to the prostate. There are excellent algorithmic and computational
tools available today to optimize a brachytherapy treatment plan intraoperatively, thereby allowing for an improved dose coverage. These methods, however, critically require that the exact three-dimensional locations of
the implanted seeds are precisely known with respect to the patients anatomy.
C-arm ﬂuoroscopy is attractive as a means to generate this precise knowledge. It is the most widely used
intraoperative imaging modality in general surgery. However, it presently lacks the ability for robust and easy
quantitative guidance.
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Quantitative ﬂuoroscopy-guided surgery needs to solve four major problems: 1 C-arm image distortion; 2 the
calibration of imaging parameters; 3 pose recovery or tracking; and 4 registration to imaging modalities. The ﬁrst
two are well-studied problems in the literature.6–8 In particular, it has been suggested that precise calibration
of C-arm parameters do not signiﬁcantly improve pose reconstruction.9 Through modeling the eﬀects of miscalibration as an aﬃne transform, it is demonstrated that C-arm tracking is insensitive to mis-calibrations:
mis-calibration of up to 50 mm adds no additional error in 3D reconstruction of small objects. A constant
calibration can therefore be assumed for all images. On the other hand, pose recovery on unencoded C-arm
machines is a major technical problem that presently does not have a clinically practical solution in many areas
of application.
In current commercial C-arm ﬂuoroscopy surgical navigation systems, pose recovery is performed through
localizing the x-ray detector in room coordinates by some auxiliary optical tracker10, 11 or electromagnetic EM
tracker.12 Unfortunately, auxiliary trackers sometimes become impractical for various reasons. They are expensive and add to the complexity of the operating room since they require an additional calibration step. Optical
trackers require a line of sight, which becomes cumbersome in a clinical setting and requires an alteration in
the standard work ﬂow. The EM trackers can successfully overcome this issue, but become susceptible to ﬁeld
distortion from metal objects like surgical tools or the C arm itself, compromising on accuracy.
In a recent publication,13 the authors delineate the above problems and also say that using optical trackers
reduces the useful imaging volume of the ﬂuoroscope and potentially compromises the achievable accuracies.
Despite using an optical tracker to track their surgical tools, they explicitly choose to not track the C arm using
the tracker but instead use a radio-opaque ﬁducial. Their system has been fairly successful for various surgeries
and has been in clinical use for the last four years. To make the ﬁducials feasible, recent publications have
reported smaller ﬁducials by compact bead placement. In one study an artiﬁcially induced ﬁducial, consisting
of several lines, seeds and ellipses, was demonstrated to be capable of uniquely determining correct C-arm pose
with mean accuracy of .33◦ in rotation and .53 mm in translation.14
Solutions that require only objects naturally present in the image frame in the surgery room are more
attractive still. In many applications, screw/needle ends, implanted surgical markers, special anatomy points
etc. are naturally present in the images. By enforcing the ”consistency” of these feature points across the images,
one can potentially solve for all unknown parameters of calibration, pose recovery, matching, and reconstruction
in one massive high-dimensional non-linear optimization. In particular, in the case of brachytherapy there are
many seeds present that may be usable for optimization.
Accurate three dimensional reconstruction of the brachytherapy seeds requires that individual seeds be
matched between multiple images. Seed matching can be formalized as a combinatorial optimization problem, and demonstrates that the Hungarian algorithm can be applied to match seeds between images. It is proved
that, using the Hungarian algorithm, two images are insuﬃcient to uniquely match seeds. Three images are
necessary, and in practice more may be needed for the identiﬁcation of seeds that are not visible in all images.15
Considerable work has been done in studying the usefulness of conic images in image reconstruction, both in
segmenting conic curves in images and in determining pose based on successful segmentations.16–24 It has been
demonstrated that images of conics can be used in pose determination. In particular, it is possible to determine,
to a single rotational degree of freedom, the pose from which an image was generated based on a single image of
a circle within the image frame.25
In this paper, we propose a solution to accurately estimate the pose by placing a wire in the shape of an elliptic
curve in the imaging frame. We demonstrate that images of this ellipse constrain 5 of the 6 pose reconstruction
degrees of freedom. Previously designed algorithms that determine a correspondence between brachytherapy
seeds can be used to provide seed correspondences. These correspondences will be combined with a non-linear
optimization to determine C-arm pose.

2. METHODS
2.1. Imaging Setup
A C-arm ﬂuoroscope was used to generate three images of an artiﬁcial brachytherapy seed cloud to be used
to test our ability to reconstruct C-arm pose. A ﬁducial device that includes two wire ellipses is placed in the
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Figure 1. Fiducial device containing wire ellipses, and seed cloud phantom to be used in assessing algorithm. Within
the phantom cloud block are precisely positioned sample seeds.

Figure 2. Three sample C-arm Images of a phantom brachytherapy seed cloud and ﬁducial with ellipse

imaging frame, and is used to create an image of an ellipse in each C-arm image. The design for the ﬁducial was
reﬁned by generating multiple rough prototypes from ABS acrylonitrile butadiene styrene using an FDM fused
deposition modeling rapid prototype machine. The ﬁnal ﬁducial design was then fabricated from a acetol rod
using a four-axis CNC computer numerical control mill. The cylinder was press ﬁt into a custom acetol mount
that provided three mutually orthogonal sets of mounting holes for attaching to an accurate rotary table for
validation. The dimensions of the ellipse were precisely controlled in its manufacture.
The brachytherapy seed cloud was modeled by a highly precise phantom. Real x-ray images were taken
of the phantom using a ﬂuoroscope Philips BV 3000. The system-supplied parameters were read from the
DICOM header, otherwise the ﬂuoroscope was not explicitly calibrated. Moreover, the images were not distortion
corrected distortion 2 mm. The ﬁducial was mounted on a highly accurate 0.002◦ resolution rotational turntable
30000 Heavy Load Worm Gear Drive from Parker Automation, Irwin, Pennsylvania. The ﬂuoroscope remains
stationary while the ﬁducial moves in a known path, providing ground truth. The ﬁducial with seed cloud
phantom attached is shown in Figure 1 A sample set of three images produced by this set-up is presented in
Figure 2.
A ﬁducial mount was designed such that it produced zero translation and a known rotation when the turntable
was rotated. The design supported the two independent rotation axes typical to C arms. Thus, given any starting
pose, the relative motion between the current pose and the starting pose is known precisely from the turntable
reading. The relative motion is also calculated using our algorithm from computed current pose and the computed
starting pose. The diﬀerence between the computed relative motion and known relative motion is the error.

2.2. Reconstruction Algorithm Design
An algorithm was designed and executed on the C-arm images to reconstruct pose. Previously designed segmentation algorithms were used to determine the location of the ellipse and the brachytherapy seeds in the images.
These algorithms produced ellipses equations of the form:
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Au2 + Buv + Cu2 + Du + F v + G = 0

(1)

in each image, in which u and v are respectively the coordinates along the x and y axis of the image, measured
in pixels, and A, B, C, D, F , and G are constants determined by the algorithm. This equation and the assumed
C-arm calibration can be used to determine the equation of the three dimensional cone which has as vertex the
focal point of the X-ray source. This equation will be
A0 x2 + B0 xy + C0 x2 +

D0
F0
G0
xz +
yz + 2 z 2 = 0.
f
f
f

(2)

where x, y, z are coordinates in a system that has the focal point of the x-ray device as origin with z axis
perpendicular to the image plane and x and y axis parallel to the imaging plane, and f is the focal length of the
imaging scenario. This equation can be represented in matrix form as
⎡


x y

⎢
z ⎣

B0
2

A0
B0
2
D0
2f

C0
F0
2f

D0
2f
F0
2f
G0
f2

⎤⎡

⎤
x
⎥⎣
⎦ y ⎦ = 0.
z

(3)

Given the dimensions of the ellipse, our task was to ﬁnd the transformation between a coordinate system
centered on the physical ellipse with x axis along its major axis and y axis along its minor axis and the system
with origin at the imaging focal point and with x axis along the image x axis of the image, y axis along the
image y axis of the image, and z axis perpendicular to the image plane.
We broke the process into several steps using a method similar to that described for the case of a circle by
Costa and Shapiro.25 The ﬁrst step involved ﬁnding the rotation between the system of coordinates deﬁned by
the image plane, and the system with x and y axes along the major and minor axis of the cone and z axis along
the cone’s center. This coordinate system is of particular interest because in it the cone equation is of the form:


x y

z



⎡

AB
⎣ 0
0

0
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0

⎤⎡
⎤
0
x
0 ⎦⎣ y ⎦ = 0
GB
z
f2

(4)

Having the equation in this form makes it easier to work with in the next step. The rotation matrix that
achieves it is just the eigenvectors of the original cone matrix M0 , since multiplying a matrix by one of its
eigenvectors and right multiplying by the transpose of that same matrix produced a diagonalized version of the
initial matrix.
We next sought to ﬁnd the transformation between this coordinate system with z axis perpendicular to
the cone base and one with z axis perpendicular to the surface of the physical wire ellipse. Through applying
constraints imposed by the ellipse, we sought to ﬁnd the set of transformations that would achieve this for a
given image. We parameterized the problem by deﬁning two values, φ and θ which together can represent a
rotation from the frame with axis aligned with the cone base to any other axis system. The coordinate system
is ﬁrst rotated by φ about the z axis of the original coordinate system, then by θ around the new y axis. This
relationship is demonstrated in Figure 3 For any image, there are inﬁnitely many possible φ − θ combinations,
corresponding to inﬁnitely many possible physical ellipses that could generate a given ellipse image. These
rotations can be expressed by the following matrices:
⎡

cos(φ)
Rφ = ⎣ sin(φ)
0

⎤
−sin(φ) 0
cos(φ) 0 ⎦
0
1
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(5)

Figure 3. Graphical representation of the angles phi and theta, used in pose reconstruction

⎡

⎤
cos(θ) 0 sin(θ)
⎦
0
1
0
Rθ = ⎣
−sin(θ) 0 cos(θ)

(6)

Our goal therefore is to solve for φ and θ such that:
XRφ Rθ MP RφT RθT X T = 0

(7)

Where MP is the equation for the cone in the coordinate system with z axis perpendicular to the actual
ellipse. We have several constraints related to this cone that we can put in place to determine the set of φ − θ
solutions. We know that any plane parallel to the x-y plane will slice the cone in a section with eccentricity equal
to the eccentricity of the physical ellipse, and this eccentricity is a known constant. So, if we set Z constant we
will get the equation of an ellipse with eccentricity. Doing this gives us:
AP ∗ x2 + BP ∗ xy + CP ∗ y = K

(8)

AP = G0 ∗ sin2 (θ) + C0 ∗ cos2 (θ)sin2 (φ) + A0 ∗ cos2 (θ)cos2 (φ)

(9)

BP = 2{−A0 ∗ cos(θ)cos(φ) ∗ sin(φ) + C0 ∗ cos(θ)sin(φ)cos(φ)}

(10)

CP = A0 ∗ sin2 (φ) + C0 ∗ cos2 (φ)

(11)

The ellipse generated in this slice will be described by the equation:
(x ∗ cos(ψ) + y ∗ sin(ψ))2
(x ∗ sin(ψ) − y ∗ cos(ψ))2
+
=K
a2
b2

(12)

With ψ as some rotation angle, and a and b as the major and minor axes of the real ellipse. K will be some
constant dependent on the z value at which the slice was taken Expanding this equation gives us:
cos2 (ψ) sin2 (ψ)
+
a2
b2

x2 + sin(2ψ)

1
1
− 2
2
a
b

xy +

sin2 (ψ) cos2 (ψ)
+
a2
b2

So, we know that for some angle of rotation ψ:
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y2 = K

(13)

cos2 (ψ) sin2 (ψ)
+
a2
b2
1
1
− 2
BP = sin(2ψ)
2
a
b
sin2 (ψ) cos2 (ψ)
CP =
+
a2
b2

AP =

We can combine these statements to place a constraint on the allowed values of these constants relative to
each other: trigonometric identities allow us to say that:

AP + CP = K
(AP − CP )2 + B02 = K 2

AP + CP = K
(AP − CP )2 + B02 = K 2

1
1
+ 2
a2
b
1
1
− 2
a2
b

2

1
1
+ 2
a2
b
1
1
− 2
2
a
b

2

These can be combined to say that:
2

( ab 2 − 1)2
(AP − CP )2 + BP2
=
2
(AP + CP )2
( ab 2 + 1)2
Substituting the values for AP , BP , and CP previously presented in equations 9, 10, 11 allows us to obtain
an equation relating θ to φ. This equation is a quadratic equation in cos2 (φ) of the form:
0 = K1 (θ) ∗ cos4 (φ) + K2 (θ) ∗ cos2 (φ) + K3 (θ)

(14)

With the Kn (θ) functions of θ deﬁned as follows:
K1 = −4 ∗ (−CP + AP )2 ∗

K2 =

a
a
∗ (1 − 2 ∗ cos(θ)2 + cos(θ)4 )/( + 1)2
b
b

(15)
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P
( ab + 1)2
( ab + 1)2
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CP ∗ cos(θ)2 ) ∗ AP − (GP ∗ sin(θ)2 + CP ∗ cos(θ)2 )2 − A2P + (2 ∗ GP ∗ sin(θ)2 + 2 ∗ C1 ∗ cos(θ)2 ) ∗ AP

a
a
∗ GP ∗ CP ∗ cos(θ)2 − 2 ∗ ∗ GP ∗ CP ∗ cos(θ)4 − AP ∗ CP ∗ cos(θ)2 − AP ∗ GP
b
b
a
a
a
2
2
+ AP ∗ GP ∗ cos(θ) + ∗ CP ∗ cos(θ)4 + a/b ∗ G2P − 2 ∗ ∗ G2P ∗ cos(θ)2 + ∗ G2P ∗ cos(θ)4
b
b
b
a2
a
a
a
2
2
2
∗ GP + AP ∗ a/b ∗ GP ∗ cos(θ) + A2P ∗ )/( + 1)2
− AP ∗ 2 ∗ CP ∗ cos(θ) − AP ∗
b
b
b
b

(16)

K3 = −4 ∗ (2 ∗
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(17)

Since 14 is a quadratic equation in cos2 (φ), for any given value of φ there are 4 values of θ that satisfy the
constraint that it imposes. After choosing a φ − θ combination to consider, we apply these transformations to
our coordinate system. This gives us a cone equation of the form:
XRφ Rθ MP RφT RθT X T = XCE X T = 0

(18)

Where CE is the cone in a coordinate system with z axis perpendicular to the face of the real ellipse. We
next apply a rotation by the angle ψ to bring the x and y axes of our coordinate system parallel to the major
and minor axes of the real ellipse. To solve for ψ, we solve for the values that sets BE to 0. This angle is given
by:
ψ = 1/2 ∗ atan(2 ∗ BE /(CE − AE ))

(19)

Transforming the coordinate system by a rotation around the z axis of the angle ψ, which is described by the
transformation matrix:
⎡

cos(ψ)
⎢ sin(ψ)
⎢
⎣
0
0

⎤
−sin(ψ) 0 0
cos(ψ) 0 0 ⎥
⎥
0
1 0 ⎦
0
0 1

(20)

The coordinate system created by the combination of these rotations now has axes parallel to the axes of the
real ellipse, but is centered at the imaging focal point. The ﬁnal step in our algorithm is therefore a translation
to bring the center of the coordinate system to the center of the ellipse. This translation is computed by taking
a slice of the cone a distance f away from the focal points, computing its major axis at this point, and using
this computation to determine where on the cone a slice would have major axis equal to the major axis of the
actual real ellipse. The coordinate system is then translated by this vector.
Combining these transformations allows us to create an algorithm to determine the set of possible poses that
could have created a given image. However, as inﬁnitely many possible φ−θ combinations exist, the ellipse image
can not be used to uniquely determine the pose. It constrains 5 of the 6 degrees of freedom of pose, allowing a
single degree of freedom that must be removed through further constraints.
To constrain this set to a single solution, additional information is necessary. Correspondences between
points in the brachytherapy seed cloud can be used to create the necessary additional constraints. We designed
an algorithm that could take as input a proposed set of poses and a set of corresponding point images, and
determine the actual three-dimensional location of the image points, and the error in point segmentation that
this set of poses would imply. By optimizing for minimal projection error, we were able to determine possible
poses that might produce the images observed.

3. RESULTS
————The algorithm was tested using C-arm images of a phantom brachytherapy seed cloud near a metal ellipse.
Initially, trials were run with only one additional point correspondence. This seemed like an attractive possibility
since this correspondence could come from the mean location of all segmented seeds and might allow for the seed
correspondence step to be bypassed. With only one additional point correspondence, the algorithm succeeded
in only 9 of 20 cases, indicating that a single correspondence is insuﬃcient to satisfactorily resolve pose. Sets
of 2 and 3 seeds were selected at random, and were used in the optimization function to attempt to reconstruct
C-arm pose. Average distance between the points used in optimization was measured and recorded. A sample
reconstruction is presented in Figure 4.
With the addition of other point correspondence, the success of the algorithm was shown to depend considerably on the distance between the two points being used. The algorithm was deﬁned to have succeeded if
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Figure 4. Sample representation of the pose reconstruction from the images presented in Figure 2. On left is the ground
truth, while on right is the reconstructed pose. Each of the cone vertices represents an x-ray source, while the cone
bases represent ellipse images. The three cones intersect at the location of the real ellipse. The points are points used to
generate additional constraints; their images lie in plane with the ellipses to which they correspond
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Figure 6. Observed Angular Error in non-failure cases for for 2 and 3 brachytherapy seeds, using sets of seeds with
various average spacings

the average error in reconstructed pose as compared with actual pose was less than 7◦ The rate at which the
algorithm was able to successfully reconstruct pose is presented as a function of bead spacing in Figure 5. As
this ﬁgure demonstrates, for most cases with 2 points, or for cases with 3 points and wide spacing, failure rate
becomes quite low. For those cases in which pose was reconstructed, the average angular error still did display
some dependence on seed spacing and number of seeds used in reconstruction. This relationship is presented in
Figure 6.

4. DISCUSSION
An algorithm has been presented that is capable of determining C-arm pose from three images of a single ellipse
and correspondences between additional points. Coupled with previous work that enables point correspondence
matching, this algorithm could be applied to reconstruct C-arm pose for three images of a brachytherapy patient,
with a single artiﬁcially manufactured wire ellipse of known dimension as the only addition to the imaging
situation. This represents a signiﬁcant step toward a complete pose reconstruction system employing no external
hardware.
An aim of further work might be to determine the number of point correspondences that should be theoretically required to exactly determine pose. In addition, it would be desirable to include the ellipse into the error
calculation process; further work could focus on determining the eﬀective weightings that should be given to the
points and to the ellipse in such an error calculation.
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